In this paper, we study some quantum properties of a superposition of displaced squeezed two-mode vacuum and single-photon states, such as the second-order correlation function, the Cauchy-Schwartz inequality, quadrature squeezing, quasiprobability distribution functions and purity. This type of states includes two mechanisms, namely, interference in phase space and entanglement. We show that these states can exhibit sub-Piossonian statistics, squeezing and deviate from the classical Cauchy-Schwartz inequality. Moreover, the amount of entanglement in the system can be increased by increasing the squeezing mechanism. In the framework of the quasiprobability distribution functions we show that the single-mode state can tend to thermal state based on the correlation mechanism. Generation scheme for such states is given.
Also the single-mode state tends to the thermal state based on the correlation mechanism and the amount of entanglement can be increased by increasing the squeezing mechanism.
We perform this investigation in the following order. In section II we introduce the state formalism and comment on its photon-number distribution. In section III we discuss the secondorder correlation function and Cauchy-Schwartz inequality. In section IV the quadrature squeezing in the framework of principal squeezing is investigated. In section V quasiprobability distribution functions and the purity are investigated. The generation of the STDSN is discussed in section VI, however, the conclusions are summarized in section VII.
II. STATE FORMALISM
The correlated two-mode squeezed states are connected with the two-mode squeeze operator, which has the form:Ŝ (r) = exp[ r 2 (âb −â †b † )], 
where ǫ = |ǫ| exp(iφ),Ŝ(r) is given by (1) andD(α 1 , α 2 ) is the two-mode displaced operator defined
and α j is generally a complex parameter (a field amplitude), however, throughout the investigation in this paper it will be considered real. Also the prefactor λ ǫ is the normalization constant, which can be easily evaluated as:
where t 1 = α 1 C r + α 2 S r , t 2 = α 2 C r + α 1 S r , S r = sinh r, C r = cosh r, µ = exp[−2(t
and L n (.) is the Laguerre polynomial of order n (see (8) below). Throughout the paper we study only two choices for the parameter |ǫ|, namely, 1 and 0, however, for the parameter φ we take the values 0, π and π/2. Precisely, when |ǫ| = 1 and φ = 0, π, π/2 the states (2) are called even-type, odd-type and Yurke-type states, respectively.
When |n, m = |0, 0 the states (2) can be expressed in a closed form in terms of the Fock states [23] as:
where C(n 1 , n 2 ) = λ ǫ [1 + (−1) n 1 +n 2 ǫ] tanh r , µ 1 = α 1 − α 2 tanh r, µ 2 = α 2 − α 1 tanh r, M = min(n 1 , n 2 ), N = max(n 1 , n 2 )
and L υ k (.) is the associated Laguerre polynomial having the form:
The photon-number distribution of (6) can be evaluated as:
where C(m 1 , m 2 ) is given by (7) . It is obvious that P (m 1 , m 2 ) can exhibit pairwise oscillations based on the values of the sum m 1 + m 2 , even if r = 0. We have to remark that the components of the STDSN can exhibit oscillatory behavior in P (m 1 , m 2 ) [23] , apart from the superposition mechanism, which can make this behavior more or less pronounced. Moreover, the single-mode photon-number distribution can be obtained via the relation:
In P (m 1 ) the occurrence of the oscillatory behavior results from the interference mechanism. We can explain this fact for the simplest case r = 0, n = m = 0, ǫ = exp(iφ) and hence (10) reduces to
The oscillatory behavior in P (m 1 ) depends on the values of α 2 and φ, i.e. for large values of α 2 , P (m 1 ) tends to that of the coherent state. This means that one can use the second mode to control the nonclassical effects in the first mode and vice versa.
In the following sections we investigate the properties of the state (2) . For the sake of simplicity we treat the second-order correlation function, Cauchy-Schwartz inequality, squeezing and purity using the form (6) (,i.e., |n, m = |0, 0 ), however, the quasiprobability functions are given for the case |n, m = |0, 1 . This is to estimate a global information on the generic form.
III. SECOND-ORDER CORRELATION FUNCTION AND CAUCHY-SCHWARTZ

INEQUALITY
In this section we investigate the behavior of the second-order correlation function and CauchySchwartz inequality for the state (6). These two quantities can give information on the correlation between the modes in the quantum system. The second-order correlation function for the first mode, e.g.â, is defined by
where g (2) (0) = 0 for Poissonian statistics (standard case), g (2) (0) < 0 for sub-Poissonian statistics (nonclassical effects) and g (2) (0) > 0 for super-Poissonian statistics (classical effects). The secondorder correlation function can be measured by a set of two detectors [24] , e.g. the standard
Hanbury Brown-Twiss coincidence arrangement. For this quantity we restrict the discussion to the first-mode only. For this mode one can easily obtain: 
It is worth mentioning that the most general cases for equations (13) and (14) have been given in [25] for the multimode squeezed cat states but with different parameterizations.
Substituting (13) , (14) into (12) and taking r = 0 we obtain
From (15) it is obvious that the sub-Poissonian statistics can occur only for φ = π and 2(α 2 1 +α 2 2 ) being small. This means that the odd-type state can exhibit nonclassical effects in the framework of g (2) (0). In this case, the mode under consideration reduces to the standard odd-coherent state with the components | ± α 2 1 + α 2 2 . The obvious remark is: when the modeâ is prepared in the vacuum state |0 , its g (2) (0) can exhibit sub-Poissonian statistics based on the values of α 2 of the second mode. Similar argument can be given to the second mode. This reflects the role of the correlation between the modes in the system, which leads to the possibilities of controlling one mode by the other one. Now we draw the attention to the general case when the squeezing mechanism is involved. We have noted that the even-type and the Yurke-type states cannot exhibit subPoissonian statistics. Information about g (2) (0) of the odd-type states is depicted in Figs. 1(a)-(c) for given values of the parameters α 1 and α 2 . From Fig. 1 involved, the amounts of the nonclassical effects in g (2) (0) decrease and eventually vanish for large value of r (see Fig. 1(b) ). For α 1 = α 2 = 0 and r = 0 state (6) reduces to the two-mode squeezed vacuum state. In this case we have g (2) (0) = 1, which is independent of r. This is remarkable in Fig. 1(b) , which shows sub-Poissonian statistics only when one or both of α j > 0. Fig. 1(c) gives the range of the parameter r (for certain values of α j ) for which the sub-Piossonian statistics occur. It is obvious that the smaller the values of α j , the greater this range is.
We conclude this section by investigating the intermodal correlations in terms of the deviation from the classical Cauchy-Schwarz inequality. Classically, Cauchy-Schwarz inequality has the form [26] :
where I j , j = 1, 2 are classical intensities of light measured by different detectors in a double-beam experiment. In quantum theory, the deviation from this classical inequality can be represented as V < 0, where the factor V takes the form [27] :
Occurrence of negative values in V means that the intermodal correlation is larger than the correlation between photons in the same mode [28] and this indicates strong deviation from the classical Cauchy-Schwartz inequality. The origin in this deviation is that in the quantum mechanical treatment we involve pseudodistributions instead of the true ones. This implies that the Glauber-Sudarshan P -function possesses strong quantum properties [27] . Moreover, the deviation from the Cauchy-Schwarz inequality can be observed in a two-photon interference experiment [29] .
For completeness, the expectation value â †b †âb for the state (6) can be easily evaluated as:
The expectation value b †2b2 can be obtained from (14) using the interchange α 1 ←→ α 2 . One can easily find V = 0 for r = 0. Generally, we have noted that V < 0 only when α j are small (see Figs. 2). Fig. 2 (a) is given for the Yurke-type state which is identical to that of the twomode squeezed displaced states (cf. (14) and (18) for φ = π/2). From these figures the strongest deviation from the classical inequality occurs for α j ( = 0) and r small, i.e. the photons are more strongly correlated than it is classically possible, and then the curve monotonically increases as r 
IV. QUADRATURE SQUEEZING
In this section we discuss the quadrature squeezing for the state under consideration. As it is well known, the quadrature squeezing can be measured by a homodyne detector in which the signal is superimposed on a strong coherent beam of the local oscillator [30] . Here we use the notion of the principal squeezing [31] , which can give one form for the single-mode and two-mode cases. In this respect, we define the two quadratures in the following forms:
where the subscripts 1 and 2 stand for the first and second mode, respectively, and ν is a rotation angle. When ν = 0, π/2, π/4 the quadratures (19) yield those of the first mode, second mode and compound modes, respectively. For the first mode the quadrature operators can be defined as:
Similar definition can be quoted for the second mode via the interchangeâ −→b. The quadratures (19) satisfy the following commutation rule:
Therefore, the squeezing factors associated with theX andŶ can be expressed as:
where F j , S j , j = 1, 2, c, take the forms:
The expressions for F 2 , S 2 can be obtained from
The system is said to be squeezed in x-quadrature or y-quadrature if F < 0 or S < 0, respectively.
When |ǫ| = 0 or α 1 = α 2 = 0 the expressions (22) reduce to
It is evident that for ν = 0 or π, we obtain F = S = 2S 2 r , i.e. single-mode squeezing does not occur for these cases [32] . On the other hand, for ν = π/4 (, i.e. the compound squeezing factor) we have:
Trivial remark from (25) , squeezing occurs in the x-component only [32] . This is related to strong correlation between the two modes. This behavior is reversed for the superposition state (, i.e., |ǫ| = 0), where squeezing can occur in the y-component for certain values of α , s and r. For (|ǫ|, r) = (1, 0) the expressions (22) reduce to:
It is evident that squeezing can occur only in the y-component for the cases (|ǫ|, φ) = (1, 0), (1, π/2).
Moreover, to obtain squeezing from the single-mode case, the mode under consideration should be prepared in a state different from vacuum. When the values of α j increase, i.e. the correlation between the two modes starts to play a role, the coefficient µ goes rapidly to zero decreasing squeezing inherited in the system. This shows how one can control the behavior of one of the modes by the other one. In Figs. 3 we give information on the even-type states for the given values of the parameters. In these figures we consider 0 ≤ ν ≤ π/2, which is sufficient to obtain full information about the different quadratures. Additionally, the behavior of the quadratures in the range π/2 ≤ ν ≤ π is just a mirror image to that in 0 ≤ ν ≤ π/2. In figure (a) we take and Glauber P functions [33] , are important tools in quantum optics. Knowing these functions, all nonclassical effects can be predicted and the different moments of the operators can be evaluated.
Most important, these functions can be measured by various means, e.g. photon counting experiments [34] , using simple experiments similar to that used in the cavity QED and ion traps [35, 36] , and homodyne tomography [37] . In this section, we investigate the single-mode quasiprobability distribution functions, in particular, W and Q functions as well as the purity. We start with the symmetric characteristic function C w (β) of the first mode, which is defined as:
whereρ is the density matrix of the system under consideration. It is mentioning worth that the moments of the bosonic operators in symmetric form can be evaluated from C w (β) by differentiation. From (2) and (27) one can easily obtain:
where
and L m (.) is the Lagurre polynomial, which can be obtained from (8) by simply setting υ = 0. The W and Q functions can be evaluated, respectively, through the following relations:
where z = x+iy. Generally, it is difficult to obtain closed forms for these functions for m = 0, n = 0, however, the integration can be numerically treated. Therefore, we restrict ourselves to the case n = 0, m = 0, which is sufficient to obtain information on the system. On substituting (28) into (30) and carrying out the integration we arrive at:
where In the derivation of (31) we have used the generating function of Laguerre polynomial [38] namely:
and the following identity [39] :
and ReK > 0. In the Appendix we show that the quasiprobability functions (31) are normalized. It is mentioning worth that the explicit analytical expressions for the W and Q functions of the even/odd superpositions of two-mode squeezed coherent states, which are special cases of (31) by simply setting m = 0, were obtained earlier in [40] . We start the investigation with the W function. The W function has taken a considerable interest in the literature since it can be implemented by various means, e.g., [34, 35, 36, 37] , and it is sensitive to the interference in phase space, as we shall show below. From (31) we can extract several analytical facts. For instance, when (r, m) = (0, 0) and the value of α 2 is very small, the W function of the first mode exhibits the well-known shape of the cat-state function, i.e., two Gaussian bell and interference fringes in-between (we have checked this fact). This can be easily understood, where-in this case-the second mode is very close to the vacuum state and hence (2) In this case, the behavior of the W function is close to that of the thermal state for which the peak occurred in the W function is greater than that of the coherent light. and take (|ǫ|, x) = (1, 0) to simplify the problem. Thus, the W function reduces to
The W function involves negative values when W (0, y) < 0. Solving this inequality yields the above mentioned condition. From Fig. 4 (a) one can observe that the W function has two-Gaussian bell and interference fringes in between but with negative values smaller than those of the standard cat states, e.g. [41] . These fringes can be amplified for certain values of the squeezing parameter (compare Figs. 4(a) and (b) ). It is mentioning worth that the amplification of the cat states in the parametric down conversion has been discussed in [42] . Now we draw the attention to the case in which the second mode includes Fock state |1 (see Fig. 4(c) ). From this figure the W function exhibits two-Gaussian bell around (x, y) = (±α 1 , 0) and inverted peak in-between with maximum Fig. 4(c) and Fig. 5(b) . From Fig. 6 we can obtain a rough information about the minimal value of r for which the negative values in W function vanish, e.g. for even-type and odd-type states it is r = 1 and r = 2.3, respectively. We have checked the behavior of the W function for these values and found that the negative values are negligible.
Furthermore, after plotting the Q function for various values of r (not detailed here) we observed that the exact minimal value for even-type state is r = 1.5. Nevertheless, for the odd-type state we found that the negative values-even they are very small-are still observed for all values of r.
Entanglement is a global property of a system. For a bipartite pure state it has been proved that there is a unique measure of the entanglement, which is the von Neumann entropy of the reduced state of either of the parties [43] . On the other hand, the purity, which gives information on the mixedness in the system, can be used to estimate some information on the entanglement in the system. In this respect, we can mention that the purity and the von Neumann entropy can
give quite similar behavior for the quantum system [44] . Also for the Jaynes-Cummings model it has been shown that the von Neumann entropy and purity are equivalent [45] . As the purity is easy to be calculated and can provide some exact information about the system, we use it here to study the mixedness and/or the entanglement in the state under consideration. The single-mode purity can be evaluated via the characteristic function through the relation:
whereρ j is the density matrix for the mode under consideration. For pure (mixed) state we have Trρ 2 j = 1(< 1). From (28), (36) and setting (|ǫ|, m, n) = (1, 0, 0) we obtain:
In Figs. 7 we have plotted Trρ 2 1 for the even-type states. From Fig. 7(a) it is obvious that for α 1 = 0 or α 2 = 0 the two modes are disentangled, where Trρ 2 1 = 1. When α j increases the first mode abruptly tends to the partial mixed state (i.e., Trρ 2 1 = 0.5), which indicates strong entanglement between the two modes. In this case the behavior is quite similar to that of the thermal light with mean-photon numbern = 1, which satisfies the inequality 1 1+n ≤ Trρ 2 < 1. This behavior can be analytically realized by evaluating the limiting case (α 1 , α 2 ) = (∞, ∞) for the purity (37), which gives: It is evident that Trρ 2 1 = 0.5 for r = 0. When the squeezing mechanism is involved in the system the degree of mixedness and/or the amount of entanglement is increased and the purity becomes more structured (compare Fig. 7(a) and (b) ). The purity tends to steady state for large values of α , s. The value of the purity at (α 1 , α 2 ) = (0, 0) can be easily obtained from (37) as:
It is evident when the value of r increases the amount of mixedness increases, too. From the expressions (38) and (39) one can realize that the minimal value of the purity can be achieved for large r; e.g. for (α 1 , α 2 , r) = (2, 2, 5) we have Trρ 2 1 ≃ 0.006.
VI. STATES GENERATION
In this section we give a generation scheme for the states (2) by ±ω y and two are propagating in the x − y plane detuned by ±(ω x + ω y ). Thus the interaction
Hamiltonian can be written in the form:
wherê
withσ ± are the Puali spin operators, E j , k j , ϑ j are the amplitudes, wave vectors, phases of the driving modes, and ω 0 is the ionic transition frequency. Using the operator forms for x, y and providing that, the field is resonant with one of the vibronic side -bands, then the ion-field interaction can be described by a nonlinear Jaynes-Cummings model [46] . In the interaction picture and in the Lamb-Dicke limit, it is sufficient to keep the first few terms. Thus we have the following effective Hamiltonian:
with Ω j = µE j and η 2 j = k 2 j (△x 0 ) 2 , j = 1, 2, 5, 6, η 2 j = k 2 j (△y 0 ) 2 , j = 3, 4, 5, 6 and stand for the Rabi frequency and the Lamb-Dicke parameter. The motional and internal dynamics can be described in the last Hamiltonian by adding other interactions as discussed in [47] to end up with
Under this Hamiltonian any particle prepared in the state
(|e + |g ) will stay in this state and the dynamics is reduced to that of the motional degrees of freedom only. Now assuming that the system is initially prepared in the following state:
where |e , |g denote the excited and the ground state of the ion. Also we have dropped the normalization constant in (45) since it has no effect in the following calculations. It is worth mentioning that the Fock state |n can be prepared with very high efficiency according to the recent experiments [48] . We proceed, by applying the HamiltonianĤ 2 on the state (45) for a duration time τ 1 we get
Then we applyĤ 1 for a duration τ 2 to get:
where r = i(g 5 + g * 6 )τ 1 , α 1 = −i(g 1 + g * 2 )τ 2 and α 2 = −i(g 3 + g * 4 )τ 2 . We choose the polarization in the quantized field so that it affects the excited state only [48] and apply the HamiltonianĤ 1 for a duration τ 3 we arrive at
After that we apply a carrier pulse of Rabi frequency Ω 0 , whose evolution operator iŝ U (t) = cos(Ω 0 t)(|e e| + |g g|) − i sin(Ω 0 t)(exp(iθ)|e g| + exp(−iθ)|g e|),
to the state |Ψ 3 to get
Then detecting the particle in either of its states gives the states (2), where we can choose β 1 = −α 1 , β 2 = −α 2 . Throughout the investigation of this paper we have considered that the parameters α j and r are real. This can be achieved in the above equations by simply setting, e.g., ϑ j = 0 or π, j = 1, .., 4 and ϑ 5 = ϑ 6 = π/2.
VII. CONCLUSION
The superposition principle is in the heart of quantum mechanics, which can produce new states having nonclassical effects greater than those attributed to the components. In this article we have studied the quantum properties for a new class of states, namely, superposition of squeezed displaced two-mode number states. Particular attention has been given to the two-mode vacuum and single-photon states of this class. These states include two mechanisms: interference in phase space and entanglement between the two modes of the system. We have studied the second-order correlation function, the Cauchy-Schwartz inequality, the quadrature squeezing, the quasiprobability distribution functions and the purity. We have shown that the system can exhibit sub-Piossonian statistics even if the mode under consideration is in the vacuum state. This reflects the role of entanglement in the system. The deviation from the classical Cauchy-Schwartz inequality has been investigated showing that the photons are more strongly correlated than it is allowed classically.
For certain values of ǫ the system can exhibit squeezing provided that the values of α 1 and α 2 are small. From the W function it has been shown that the single-mode state resulting from this class can behave as a thermal state as a result of the correlation process. Also for m = n = 0 the W function of the first mode provides negative values only when α 1 ≥ α 2 . The interference in phase space of one of the subsystem can be controlled by the information involved in the other subsystem. Additionally, the squeezing mechanism can make the interference fringes more or less pronounced. The W function is more informative than the Q function in the description of the quantum systems. For the purity it has been shown when the values of α , s increase the mode under consideration abruptly tends to the partially mixed state. The amount of entanglement in the system is increased when the value of r is increased, too. Also we have discussed how this class of states can be generated by means of trapped ions and pulses for appropriate durations.
In this Appendix we prove that the W and Q functions (31) are normalized. Precisely, we would like to prove the followings:
To do so we use the generating function technique. We focus the attention on the Q function only, where the W function can be similarly treated. Moreover, we evaluate the integration for one of the interference terms in the Q function, which we denote I m and has the form:
Multiply both sides of (52) by t m , hence sum over index m and use the identity (33) we obtain:
where t ′ = t/C 2 r . Invoking the value of h ′ from (32) into (53) and apply the identity (34) we arrive at: 
The exponent in the above equation can be rewritten in terms of the parameter t as: 
The transition from the first line to the second one has been done by means of the identity (33) . 
Now the value of the required integral is
The value of the integration of the second interference term is just the complex conjugate of (58).
Similar procedures lead to the followings:
From these results we conclude:
Using procedures similar to those given above one can prove that the W function is normalized (we have checked it).
